Abstract: The paper considers heat kernels of second{order parabolic equations in R N , with constant uniform di usion and advective coe cients bounded in the maximum norm. Two critical cases, corresponding to upper and lower solutions, are identi ed, and explicit solutions are constructed for them in terms of the error function. They are shown to bound above and below all other heat kernels satisfying the same constraints on their advective coe cients, using a method of proof which relates two heat kernels together in a way which resembles the classical parametrix construction. Sharp bounds on the corresponding parabolic solution operators in L 1 (R N ) are obtained as a consequence.
Introduction
Upper and lower pointwise bounds on the heat kernels of second{order parabolic operators were rst derived, for the general case of variable di usion and advection coe cents in L p spaces, by D. G. Aronson 1] . These initial qualitative estimates have more recently been sharpened, in the selfadjoint case, by E. B. Davies 2] and E. Fabes & D. W. Stroock 3] . For the non{selfadjoint case of equations with advection, sharper estimates have been obtained by J. R. Norris & Stroock 6] .
Here, we consider the heat kernel ?(x; t; y; s) of the equation
Lu(x; t) @u @t ? u + a(x; t):ru = 0; (x; t) 2 R N (0; 1); (1.1) with constant uniform di usion, and aim to obtain sharper estimates in this physically signi cant special case. Our methods are classically based, and thus we initially take a to obey assumption (A): We remark that the maximality of non{singular solutions of (1.7) has previously been considered by C. Pucci 7] . If one ignores the singularity at (x; t) = (y; s), then intuitively G M (x?y; t?s) should bound ?(x; t; y; s) pointwise above, because it is an upper solution for A similar argument shows that the lower bound is also attained. Since Aronson 1] has shown that M may be pointwise approximated by the heat kernels of equations satisfying assumption (A), the upper and lower bounds given by G M (x; t; y; s) are sharp, (though not attained), in that case.
In Section 4, we use the pointwise upper and lower bounds on ?(x; t; y; s) to deduce sharp upper and lower L 1 bounds on the solutions of (1.1) with u(0) = u 0 2 L 1 (R). In particular, we obtain whilst the decay of the lower bound is found by changing the sign of the M i 's.
Using an asymptotic expansion for erfc(x) in negative powers of jxj, 5, For- 
